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Abstract—Stabilizing a dynamical system implies conducting it
to an intended operating point, after a momentary disturbance.
The system is stabilized by the controller: a device that observes
the state through sensors and acts on it through actuators. In
many centralized cases, the controller has access to the complete
state. This hypothesis is reasonable for low complexity systems,
but in current applications - power grid, urban traffic, epidemic
control, robotic vehicles - this no longer holds true. Therefore, in
the distributed case the controller must act taking into account
partial information. Mathematically a sparsity pattern is imposed
on the controller. In the centralized case the problem can be
solved using convex optimization; however, to handle the sparsity
constraints the problem becomes nonconvex and N P hard.
In this thesis we study three problems: (1) centralized design of
stabilizing sparse controllers, based on heuristics for the non
convex problem; (2) design of sparsity patterns that lead to
the most stable closed loop system; (3) decentralized design of
stabilizing sparse controllers. For (1) our methods can stabilize
40% − 77% of systems with sparsities of 50%, i.e., with half
the degrees of freedom. Relative to (2) we were able to draw
sparsities that increase the stabilization percentage by 28%,
comparing against a purely randomized design. Referring to
(3), we have designed a distributed algorithm with theoretical
guarantees of performance, at the expense of considering purely
positive systems.
Index Terms—Sparse Stabilization, Decentralized Stabilization,
Sparsity Design, Linear Matrix Inequalities, Bilinear Matrix
Inequalities

I. I NTRODUCTION
Stabilization could be seen as the most simple control
problem: given a momentary disturbance we design a
controller that ensures that the dynamical system returns to
the desired operating point. If the controller can observe
the entire state, the problem can be solved optimally
using standard LMI theory. If only partial observations are
available, the problem becomes N P hard. In [1], stabilization
with decentralized static controllers that receive output
measurements, was mentioned as one of the three major open
problems in systems and control theory. In this document, we
study three related problems: (1) the centralized computation
of sparse controllers (2) optimal constrained sparsity design,
in a closed loop stability sense and (2) decentralized
computation of sparse controllers.
Regarding the first problem, Alavian and Rotkowitz [2]
present a randomized constructive algorithm to deal with the
stabilization problem, under information constraints assuming
a dynamic controller type. The major insight of [2] consists

in constructing a dynamic controller that can reduce the
number of unfixed unstable modes, while leaving all fixed
modes stable. This result is impressive; however, the authors
assume that the dynamics of the controller is centralized, i.e.,
the controller is a dynamical system which receives some
available measurements and computes the control signal in
a centralized manner: all state variables of the controller,
are potentially needed for the computation of the control
signal. In [3], Sadabadi and Peaucelle present a complete
review on the most successful heuristics for the problem of
structured stabilization considering static output feedback
controllers, while highlighting the special cases where
the problem becomes convex and hence computationally
tractable. However this survey assumes a continuous time
state space formulation: the literature is vast for continuous
time but poor for discrete time models. This serves as a
motivation for assuming a discrete time formalism. The
main ideas of [3] include: iterative LMI heuristic that try
to solve the underlying BMI; Lyapunov matrix methods to
decouple the Lyapunov certificate P from the closed loop
system; and non-Lyapunov-based methods that approach the
non-convex, non smooth optimization problem. Classical
sufficient conditions for particular sparsity patterns can be
found in [4], [5].
Regarding the second problem, whenever one combines
the words engineering and sparsity in the same sentence, the
expected outcome is to minimize some domain specific penalty
function, with an added l1 sparsity promoting regularization
factor. In [6] the authors refer to l1 regularization as the
“modern least squares” when pursuing sparsity. Hence it
is not surprising that this approach is also embedded in
controller synthesis [7]. Some standard analysis can be found
in chapter 6 of [8] and in [7] (section 6). The regularization
scheme was applied in [9] (section 5.1) and [10] (section
4.1), for stabilizing continuous-time systems. This idea has
one downfall: the regularizer is promoting sparsity but in an
uncontrollable way, i.e., the l1 regularization will put some
entries of controller K to zero. However we do not want any
zero entries. We have a constrained sparsity pattern, regarding
the maximum number of non-zero entries for each row of
controller K. This is the main reason why sparsity promoting
techniques are not generally valid for this problem: we need
sparsity ensuring methods. When reviewing the literature, one
actually finds that most of sparsity design methods use some

c

type of sparsity promoting technique [11], [12].
For the third problem, we make use of an interesting
result which states that decentralized controller synthesis
actually becomes a convex problem when one restricts the
closed loop system to be non-negative [13] (Proposition 2).
Using this observation we propose a decentralized control
strategy by combining the work of Aybat and Hamedani
[14] with some standard consensus results from the field of
network science [15]. We found no other truly decentralized
control strategy for producing sparse stabilizing controllers,
for discrete time systems.
The remainder of the document is organized as follows:
in sections II, III and IV we define and study the three
corresponding control challenges. For each section, we
formulate the control problem and then proceed to describe
our methods. In section V we present a numerical comparison
of the developed heuristics and further illustrate the
convergence properties of a provable algorithm from section
IV-B: the Decentralized Primal Dual Synthesizer with
Consensus - DPDSC.
II. C ENTRALIZED C OMPUTATION OF D ECENTRALIZED
C ONTROLLERS
A. Problem Formulation
Consider a linear, time invariant system (LTI) described by
the following matrix difference equations:
x(k + 1) = Ax(k) + Bu(k)
n×n

(1)

n×m

where A ∈ R
and B ∈ R
. This model comes from
state space theory where x(k) ∈ Rn represents the state
variables at instant k and u(k) ∈ Rm is the m dimensional
control signal. The control signal u(k) will be computed by a
static linear controller of the following type
u(k) = Kx(k).

(2)

The controller receives input measurements x(k) and computes the control signal u(k). The controller is defined by
matrix K ∈ Rm×n . From now on assume that (A, B) forms a
stabilizable pair, i.e., for any initial condition x(0) there exists
a control sequence {u(k)}k≥0 such that x(k) → 0 where x(k)
is given by equation (2). Combining the controller and the
plant in a single system (equations (1) and (2)) we conclude
that
x(k + 1) = (A + BK)x(k).

where i ∼ j means that the control component uj (k) ∈ R
can be computed using xi (k) ∈ R for any time instant k ≥ 1.
The set of distributed controllers KI is given by:
KI = {K ∈ Rm×n : Ki,j = 0 if I(i, j) = 0},

(5)

since if K ∈ KI then the computation of uj (k) involves only
the j-th row of controller K and state variables xi (k) for
I(i, j) = 1. A centralized controller is given by I(i, j) = 1
for any valid pair (i, j), i.e., the function I dictates how
sparse the controller must be.
Given some sparsity pattern KI the decentralized optimal
stabilization problem consists in designing a controller which
insures the decay of state variables x(k) to zero, in a minimal
amount of time regardless of initial condition x(0). Formally,
the problem is formulated as:
minimize ρ(A + BK)
K∈KI

(6)

where the quantity 1/ρ(A + BK) corresponds to the closed
loop decay rate and
n
o
ρ(A + BK) := max |λi (A + BK)| : i = 1, . . . , n , (7)
with λi (A + BK) denoting the i-th eigenvalue of A + BK,
assuming some ordering. In particular, controller K should
guarantee that ρ(A + BK) < 1, such that the closed loop
system is stable:
Theorem 1. Let x(k) ∈ Rn such that x(k + 1) = (A +
BK)x(k) for some stabilizable pair (A, B) ∈ Rn×n ×Rn×m ,
K ∈ Rm×n and for k ≥ 1 . Then x(k) → 0 iff ρ(A+BK) < 1
where ρ(.) denotes the spectral radius. In fact x(k) = (A +
BK)k x(0) where x(0) denotes the initial state condition, so
the decay is exponential.
In the centralized case, problem (6) can be solved optimally
by combining theorem 2 with a bisection strategy. Theorem 2
provides a computable answer to the following question: given
a fixed bound γ, is there a decentralized controller K ∈ KI
such that ρ(A + BK) < γ?
Theorem 2. For any stabilizable pair (A, B) ∈ Rn×n ×
Rn×m and γ > 0 there exists a controller K ∈ Rm×n
such that ρ(A + BK) < γ iff there exists a Q  0 and
γ2Q
(AQ + BG)T
 0,
G ∈ Rm×n such that
AQ + BG
Q
where G = KQ.

(3)

A decentralized controller K is a gain matrix that must respect
a pre-defined assignment of which state variables are available
to compute each control component. To formalize this idea
define the indicator function I(i, j) as:
I(i, j) : {1, . . . , n} × {1, . . . , m} → {0, 1}
(4)
(
c
1 if i ∼ j
(i, j) 7→
0 otherwise

The bisection procedure is simply a strategy that constructs
a sequence of γ values, for which several feasibility questions
are asked. Given some bound uinit ≥ ||A||2 assume the
following initialization:
h
i
h
i
l(0), u(0) := 0, uinit ,
(8)
n
o
where
l(k), u(k)
defines a sequence of intervals,
k
h
i
l(k), u(k) that contain the solution of problem (6). Denote



γ(k) as the middle point between l(k) and u(k), i.e.,
u(k) + l(k)
.
(9)
2
n
o
The bisection procedure updates l(k), u(k)
as follows
k
(
u(k + 1) = γ(k) if ∃ K : ρ(A + BK) < γ(k)
(10)
l(k + 1) = γ(k) otherwise.
γ(k) =

Combining update (10) with theorem 2 we can solve problem
(6) within any precision δ > 0, i.e., we can find a controller
K such that |ρ(A + BK) − ρ(A + BK ∗ )| ≤ δ, where K ∗
denotes the optimal solution of (6).
In the decentralized case, the problem becomes numerically
challenging since theorem 2 does not ensure that K ∈ KI ,
i.e., there are no sparsity guarantees. In general, decentralized
controller design is N P hard [16], [17] since problem (6) is
equivalent to
p
φ
min
P,K,φ

φP  (A + BK)T P (A + BK)

(11)

P  0, φ > 0, K ∈ KI ,
which involves solving a Bilinear Matrix Inequality (BMI): a
matrix inequality which is linear in each of the individuals
variables (φ, P, K). This reformulation follows trivially from
theorem 3 [18] (Theorem 3.5.4).
Theorem 3. For any Σ ∈ Rn×n and γ > 0 we have that
ρ(Σ) < γ iff there exists P  0 such that ΣT P Σ ≺ γ 2 P ,
where P  0 means that P is a symmetric positive definite
matrix.


P In
0,
 0 and trace(P Q) = n iff f (Σ, γ) = n
In Q
where the function f is defined as:
f (Σ, γ) = min
P,Q

The incremental inverse heuristic is a path following method
which does incremental updates in the variables P and Q,
for a fixed bound γ > 0. Consider P = P̂ + ∆P  0 and
Q = Q̂ + ∆Q  0 and note that, by theorem 5, the problem
of finding a controller K ∈ KI such that ρ(A + BK) < γ can
be transformed into optimizing the non convex function
trace(P Q) = trace(P̂ Q̂ + P̂ ∆Q + ∆P Q̂ + ∆P ∆Q), (12)
in a convex set. Since the increments will correspond to the
optimization variables, the objective function is non convex
due to the cross terms ∆P ∆Q but, intuitively, since ∆P and
∆Q represent incremental variables their product should have
a “low” trace hence, by assuming trace(∆P ∆Q) ≈ 0 we
drop this term and lose necessity.
Algorithm 1 Incremental inverse heuristic with γ > 0
(i) Given some γ > 0 initialize P0 , Q0  0 and further
define Nmax as the maximum number of iterations and
 as a stopping tolerance.
(ii) Find (Kk+1 , Pk+1 , Qk+1 ) by solving the following optimization problem:
arg min

B. Algorithms

P,Q,∆P,∆Q,K

In this section we present some heuristics for decentralized
control synthesis, i.e., problem (6). There are other approaches,
but the algorithms presented here allow to introduce several
ideas for which good numerical results were encountered.
1) Incremental Inverse: The incremental inverse algorithm,
is based on theorem 4 which gives an equivalent condition for
the generalized inequality of theorem 3 in terms of P and a
new variable Q:

subject to

Theorem 4. For any Σ ∈ Rn×n and γ > 0 we have
that
 2 ρ(Σ) T< γ iff there exists
 a Q, P  0 such that
P In
γ P Σ
 0,
 0 and trace(P Q) = n.
In Q
Σ
Q
The feasible set, given in theorem 4, is non convex due to
the constraint involving the bilinear term P Q. The value of
this result is that it allows to test whether the pair (P, Q, Σ)
belongs to this non-convex set, by evaluating the solution of
an optimization problem:
Theorem 5. For any Σ ∈ Rn×n and γ > 0 we have

γ 2 P ΣT
that there exists a Q, P  0 such that

Σ
Q

trace(P Q)
 2

γ P ΣT
0
Σ
Q


P In
 0, P, Q  0.
In Q

trace(Pk ∆Q + Qk ∆P + Pk Qk )


γ2P
(A + BK)T
0
A + BK
Q


P In
 0, P, Q  0, K ∈ KI
In Q

P = Pk + ∆P, Q = Qk + ∆Q.
(13)
n
o_n
o_
(iii) Repeat (ii) until ρ(A + BKk ) < γ
k = Nmax
n
o
|ρ(A + BKk−1 ) − ρ(A + BKk )| < 

Algorithm 1 tries to find a controller K ∈ KI such
that ρ(A + BK) < γ for a fixed γ. However we can also
employ a bisection framework where the feasibility strategy
of equation (10) is combined with algorithm 1.
2) Decentralized Convex-Concave Approach: This section
introduces the convex-concave heuristic applied to problem
(6): the decentralized convex-concave approach. The standard
convex concave procedure (CCP) is a well known heuristic
that converges to the set of stationary points of difference of

Algorithm 2 Decentralized convex-concave heuristic

convex (DC) optimization problems [19].
Before introducing our approach we have to generalize
the concept of scalar convexity to matrix convexity. A
function fi : Rn 7→ Sm is matrix convex iff:
∀ θ ∈ [0, 1] : fi (θx + (1 − θ)y)  θfi (x) + (1 − θ)fi (y)
(14)
for any (x, y) ∈ Rn × Rn . The following theorem is the
main reason why the decentralized control design task can
be interpreted as a matrix value DC optimization problem in
Sn++ , i.e., the cone of positive semidefinite matrices:
Theorem 6. The function f (Σ, P ) = ΣT P −1 Σ is matrix
convex where (Σ, P ) is defined in Rn×n × Sn++ .
Given some bound γ > 0 the controller design problem is
the following:
min 0
K,P

(A + BK)T P −1 (A + BK) − γ 2 P −1 ≺ 0

(15)

(i) Find some P0  0 and K0 ∈ KI such that (A +
BK0 )T P0−1 (A + BK0 ) ≺ r02 P0−1 for some r0 > 0. Further define Nmax as the maximum number of iterations,
 as a stopping tolerance and β > 0 as the shrinking
factor, i.e., β < 1. Set r0 = βr0 .
(ii) Find Pk+1 = P  0 and Kk+1 = K ∈ KI such that

(A+BK)T P −1 (A+BK) ≺ rk2 Pk−1 −Pk−1 (P −Pk )Pk−1 .
(16)
(iii) If ρ(A + BKk ) < rk then rk+1 = βrk ; otherwise go to
(v).
n
o
(iv) Repeat until |ρ(A + BKk−1 ) − ρ(A + BKk )| < 
o
_n
k = Nmax

(v) Return K ∗ ∈ arg min ρ(A+BK0 ), . . . , ρ(A+BKend ) ,
K∈KI

where Kend denotes the controller associated with the last
iteration of the algorithm. At most, the heuristic runs for
Nmax iterations.

P  0, K ∈ KI .
Problem (15) is a matrix DC feasibility problem, since function P −1 is also matrix convex (set Σ = In in theorem 6).
Having recognized this structure, we can some insight from
the classical CCP approach, namely the linearization of the
matrix convex function P −1 :
Theorem 7. Let F (P ) = P −1 be a matrix function defined
in Sn++ . If P̂ ∈ Sn++ then
P −1  P̂ −1 − P̂ −1 (P − P̂ )P̂ −1
so P̂ −1 − P̂ −1 (P − P̂ )P̂ −1 denotes the first order approximation of function F at point P̂ .
It follows trivially that, by utilizing theorem 7 one can get
sufficient conditions for decentralized stability, for a fixed
bound γ < 1. To transform this sufficient condition in a
algorithmic procedure, we make use of one fairly simple
insight: start with a “big” bound rk and, iteratively, reduce it
by a factor β < 1 if ρ(A + BKk ) < rk (reduction strategy).
This strategy could be thought as a path following method
(homotopy) [10] where the design objective is iteratively
improved, by at least β, leading to a “path” of LMIs that
try to find a local solution of problem (6). This idea is also
the basis for the incremental PK approaches seen in the
numerical section V-A.
There is no need to provide an initial γ > 0, since the
heuristic will continue running even if ρ(A + BKk ) < γ. The
reduction strategy can be thought of as a “global” method, in
the sense that it tries to find the optimal controller and not
just a controller Kk that guarantees that ρ(A + BKk ) < γ.

III. O PTIMAL S PARSITY PATTERNS
A. Problem Formulation
Define a budget φj ∈ {0, . . . , n} as the maximum number
of sensor readings, that can be used to compute control
component uj , where j = 1, . . . , m. Clearly the centralized
setting can be recovered with φj = n, for any valid j.
The budget vector Φ = (φi )m
j=1 can be used to model the
computational resources available to compute each control
component: if φi = 1 then the computational entity that
computes ui , can only process one measurement.
If controller K respects budget Φ, then the i-th row
of K has a maximum of φi non-zero entries. Define
KΦ ⊆ Rm×n as the set of controllers that respect a given
budget Φ. The number of structural constraints associated
with the i-th row of K ∈ KΦ is given by
φi  
X
n
Ni =
(17)
l
l=0

where scalar Ni represents all possible combinations of choosing a maximum of φi non-zero entries among n choices.
Applying this reasoningQfor each row, the controller K can
m
exhibit a total of N = i=1 Ni sparsity patterns. It follows
trivially that
KΦ =

N
[

i
KΦ
,

(18)

i=1
i N
where {KΦ
}i=1 denotes a partition of the feasible space.
Under this framework we would like to find the controller

s
Algorithm 3 Incremental Inverse static oracle OII

that yields the stablest close loop system, i.e.,
minimize ρ(A + BK).
K∈KΦ

(19)

By (18), the set KΦ is given by the union of N disjoint sets.
This implies that problem (19) is actually combinatorial, i.e.,
in order to solve (19) we must solve N optimization problems
i
imposing that Ki ∈ KΦ
for i = 1, . . . , N and then pick the
best found controller, in a spectral radius sense. This adds a
new of degree difficult: N P hardness plus a combinatorial
nature.
B. Algorithms
Given some budget vector Φ ∈ Rn assume the existence
of an algorithm, A, that can be used to “solve” problem
i
(19) under some fixed sparsity pattern KΦ
(consult section
II-B). This section will develop oracles for optimal sparsity
patterns: strategies that will try to find the optimal pattern
for problem (19), by avoiding the exhaustive search over the
partition {KΦi }N
1 . Our motivation will to use perturbation
theory arguments for certain optimization problems: convex
problems for which strong duality holds and the primal
solution is finite [20], [8]. For these problems the optimal
dual variables allow to quantity how much a given linear
constraint locally influences the solution of the primal
problem.
s
: Given some
1) Static Incremental Inverse Oracle - OII
m
budget vector Φ ∈ {0, . . . , n} a feasible sparsity structure
can always be found by imposing that K = 0, i.e., considering
a full sparse controller. Consider the following experiment:
assume we deploy the incremental inverse heuristic, algorithm
1, for a fixed bound γ = 1 and imposing a full sparse
controller. The heuristic will finish at the second iteration,
since one of the stopping criteria is immediately met:

|ρ(A + BK1 ) − ρ(A + BK2 )| = 0 < , ∀  > 0.

(20)

This might seem redundant since the underlying process
served as a pass-all filter: given a full sparse controller it
returned the same full sparse controller. However this is
not entirely true, since the underlying method also returned
valuable dual information, namely the dual variables λ∗i,j
associated with the constraints:
λ∗i,j : K ∗ (i, j) = 0, (i, j) ∈ {1, . . . , m} × {1, . . . , n}. (21)
The dual variable with the largest absolute value indicates
which constraints has a greater influence on the optimal value
of problem (13), assuming some technical properties are
s
verified. The incremental inverse static oracle, OII
, uses one
s
very simple idea: construct the set KOII ⊆ KΦ using the most
influential dual variables corresponding to the last iteration
of the incremental inverse method. One can easily verify that
the perturbation theory interpretation of problem (13) with
(Pk , Qk ) = (P1 , Q1 ) is valid since (a) the problem is convex,
(b) Slater’s conditions holds and (c) the primal solution is
finite. Algorithm 3 identifies the constraints which have the

(i) For any budget Φ, run the incremental inverse heuristic,
algorithm 3, with γ = 1 and imposing a full sparse
controller, i.e., K = 0.
(ii) Problem (13) will only be solved twice; hence, collect
the corresponding matrix of dual variables ΛsII :
ΛsII ∈ arg max L(Λ)
Λ

(22)

where L denotes the Lagrange Dual function of problem
(13) with (Pk , Qk ) = (P1 , Q1 ). In general, there is no
closed form expression for function L.
(iii) The dual information ΛsII allows to construct the corres : the zero entries that defined
sponding feasible set KOII
s
s correspond to the elements of Λ
the set KOII
II , with the
lowest absolute value such that the entire budget Φ is
spent.

largest discriminative power to influence the locally optimal
value of (13) with (Pk , Qk ) = (P1 , Q1 ). Our reasoning
underlies one fundamental assumption: influential constraints
for problem (13) are also influential for problem (19). If we
have to choose between two constraints, we eliminate the one
with the largest absolute dual variable, since variations on the
optimal value of (13) may allow to infer on problem (19). In
particular if (13) achieves the finite optimal value then the
solution (19) is strictly upper bounded by γ = 1.
i
2) Iterative Incremental Inverse Oracle - OII
: Algorithm
3 has a static nature, in the sense that a single call to the
underlying heuristic served as a surrogate for constructing the
s
set KOII
∈ KΦ . Another option is to use an iterative oracle
that builds the same set using dual informations from several
calls. We propose an iterative approach that instead of doing
s in one, each assignment is associated
all assignments of KOII
with one run of the incremental inverse heuristic. Intuitively,
this makes sense since doing all assignments at once can be
to greedy.

The basic reasoning is to use the idea of algorithm 3
but in step (iii) we only choose the constraint associated with
the largest absolute value of the underlying dual variable. We
then impose this constraint and repeat the process, iteratively,
until the entire budget vector is spent. Each call to algorithm
1 runs for Noracle iterations.
IV. D ECENTRALIZED C OMPUTATION OF D ECENTRALIZED
C ONTROLLERS
A. Problem Formulation
Given a stabilizable system (A, B), let G = (N , E)
denote an undirected graph, where each node represents an
agent that can measure a state variable. The set of nodes is
partitioned into control, Nc , and non-control nodes, N \ Nc .

Control node i ∈ Nc has to compute some component of
the control signal from local information, i.e., information
from neighbouring nodes in graph G. The concept of
information will be made clear further on. Ic (i) denotes
the control component computed by node i ∈ Nc . An
edge (i, j) ∈ E indicates that nodes i and j can exchange
bidirectional information between themselves, and Ni is the
neighbouring set of node i ∈ N . We will also assume that
G is a connected graph, meaning that there exists a path
between any two nodes, i.e., there is no isolated state variable.
As before, our goal is to compute a decentralized controller
K that stabilizes system (A, B), where the sparsity of the
controller is dictated by the topology of the network G:
∀ i ∈ Nc : KIc (i),j = 0, for j ∈
/ Ni .

(23)

This section defines a new problem: the decentralized design
of controller K.
Definition 1. Given a stabilizable system (A, B) and graph G
assume that each node i ∈ N is initialized with a non-trivial
private variable Vi (0) ∈ Rli ×pi . If (i, j) ∈ E then node i can
receive Vj (k) and send Vi (k) from/to node j, for any k ≥ 0.
D is a decentralized design strategy if and only if:
(i) For every node i ∈ N , the variable Vi (k + 1) is updated
from neighbouring past information:
n
o
Vi (m), Vj (m)
, for j ∈ Ni .
(24)
0≤m≤k

(ii) Asymptotically, control node i ∈ Nc computes the Ic (i)-th
row of controller K, as a function of private information
Vi :
Vi := lim Vi (k).
(25)
k→∞

This automatically implies that the update strategy of (i),
most converge.
(iii) Asymptotically, the overall closed loop system is γ stable,
i.e., ρ(A + BK) < γ < 1, where K is given by (ii).
The non-trivial initialization, in definition 1, prevents the
usage of centralized design strategies. In order to stabilize
system (A, B) one encounters two types of delay:
(i) The delay associated with the decentralized computation
of K.
(ii) The delay associated with the natural decay of state
variables, once controller K is applied.

this class of system since the problem of synthesizing sparse
stabilizing controllers, actually becomes convex when one
restricts the closed loop system to be positive.
The next theorem summarizes the centralized results of
designing sparse stabilizing controllers, for closed loop
positive systems, with a cone program. For completeness, we
also consider additional linear constraints on controller K:
L1 K ≥ L2 .

(27)

Theorem 8. For any stabilizable pair (A, B) ∈ Rn×n ×
Rn×m and γ > 0 there exists a controller K ∈ KI such
that ρ(A + BK) < γ, A + BK ≥ 0, L1 K ≥ L2 iff there
exists exists a diagonal matrix Q  0 and G ∈ KI such that:


γ2Q
(AQ + BG)T
0
(28)
AQ + BG
Q
AQ + BG ≥ 0, L1 G ≥ L2 Q
where controller K ∈ KI is given by K = GQ−1 .
The novelty of this section consists in deriving a
decentralized synthesis strategy, using the SDP of theorem
8 for a fixed γ. We denote our approach as DPDSC Decentralized Primal Dual Synthesizer with Consensus.
1) Decentralized Primal Dual Synthesizer with Consensus:
In the context of decentralized design strategies, the sparsity
pattern of theorem 8 is interpreted as follows:
∀i ∈ Nc , ki ∈ Si := {x ∈ Rn : xj = 0, for j ∈
/ Ni }
(29)
where ki denotes
the
i-th
column
of
controller
K
transposed,
h
i
i.e., K T = k1 . . . km . Assume the following decomposition
of matrices (B, L1 ),
h
i
h
i
1
B = b1 . . . bm , L1 = l11 . . . lm
.
(30)
Given any Q > 0 and Σ > 0 the next feasibility problem is
equivalent to the LMI condition given in theorem 8:


γ 2 Qi
∗T
 Σi , Qi  Q
(31)
AQi + bi giT Qi
AQi + bi giT ≥ Λi , li1 giT − L2 Qi ≥ Γi
m
m
m
X
X
X
Λi ≥ 0,
Γi ≥ 0,
Σi  Σ I2n
i=1

i=1

i=1

B. Closed Loop Positive Systems
A closed loop system is called positive if A+BK ∈ Rn×n
+ ,
i.e., each entry of matrix A+BK is non-negative. The general
interpretation of this condition is that the dynamics of the
closed loop system are invariant to the nonnegative orthant,
i.e.,

n
om
where the optimization variables are Qi , gi , Λi , Σi , Γi
,
i=1
Qi is diagonal and gi ∈ Si . This reformulation simply uses
a rank one sum decomposition of the products BK and
L1 K, a homogeneity argument and the fact that positive
definiteness is preserved trough conic combinations, i.e., sums.

x(0) ∈ Rn+ ⇒ x(k) = (A + BK)k x(0) ∈ Rn+ , ∀ k ≥ 0.
(26)
Note that the state space matrices, (A, B), are not required
to be nonnegative. We have chosen to restrict ourselves to

Note that problem (31) has a very particular structure:
we have m decoupled feasibility problems
n and three
omcoupling
inequalities that link the variables Λi , Σi , Γi
. This
i=1
type of structure can be used to derive a decentralized

synthesis algorithm, i.e., a strategy that respects definition 1. Algorithm 5 Decentralized Primal Dual Synthesizer - DPDS
The theoretical results mostly come from a recent paper of
(i) Given a stabilizable pair (A, B), connected graph G
Aybat and Hamedani [14], where a decentralized algorithm
and bound γ > 0 define an arbitrary scalar β > 0
is derived for certain decoupled optimization problems with
and NDPDS as the maximum number of iterations.
coupling conic constraints. Define the following operators
Each node i ∈ N is initialized with an arbitrary
that given an input vector x or matrices {Xi }, construct a
ci > 0, Si (0) = Yi (0) = 0 and weights τi = 1/ci ,
ci
diagonal or block diagonal matrix:
. Control nodes are also initialized with
κi = 2ci β|N
i |+1
n
o


x1
gi (0), Qi (0), Λi (0), Σi (0), Γi (0) such that (31) holds


n×n
..
without the last three coupling constraints.
∀ x ∈ Rn : diag(x) = 
∈R
.
xn
(32)
∀

n on
Xi

i=1


X1

: Diag(X1 , . . . , Xn ) = 


..

f (Qi , Λi , Σi , Γi , gi )


γ 2 Qi
∗T
 Σi
AQi + bi giT Qi
gi ∈ Si , Qi  Q In diagonal

minimize


.

.

(ii) Each
control node i ∈ Nc updates the primal variables,
n
o
Qi (k + 1), Λi (k + 1), Σi (k + 1), Γi (k + 1), gi (k + 1) :
Qi ,Λi ,Σi ,gi

Xn
(33)

We denote our approach as DPDSC - Decentralized Primal
Dual Synthesizer with Consensus. In algorithm 4, DPDS will
solve (31) in a decentralized
each
n way, i.e., asymptotically
o
control node has access to gi , Qi , Λi , Σi , Γi such that (31)
holds. To compute the controller row ki :
X
−1
m
ki = gi
Qi
(34)
i=1

each control node needs to know the inverse Lyapunov certificate after NDPDS iterations:
X
Qi (NDPDS ).
(35)
i∈Nc

To compute this sum in a decentralized
n
n way, weoconsider
n
parallel consensus rounds [15]. Define Qj,j (i, k)
, where
j=1

Qj,j (i, k) denotes the (j, j) entry of matrix (35) at consensus
iteration k for node i. This consensus variables are initialized
as follows:
i ∈ N \ Nc : Qj,j (i, 0) = 0, ∀ j ∈ N
(36)
n
o
i ∈ Nc : Qj,j (i, 0) = n Qi (NDPDS )
, ∀ j ∈ N.
j,j

Algorithm 4 Decentralized Primal Dual Synthesizer with
Consensus - DPDSC
(i) Given some stabilizable pair (A, B), connected graph
G and bound γ > 0 run algorithm 5 with constants
(Q , Σ ) and for NDPDS iterations.
(ii) Run n parallel consensus rounds, each for Nc iterations.
Using initializations (36) perform:


Qj,j (1, k)


..
Qj,j (k + 1) = W Qj,j (k), Qj,j (k) = 

.
Qj,j (n, k)
(37)
for any j ∈ N , W a consensus matrix [15] and k ≤ Nc .

subject to

(38)

AQi + bi giT ≥ Λi , li1 giT − L2 Qi ≥ Γi

f (.) =

1
2τi

(
||Qi − Qi (k)||2F + ||Λi − Λi (k)||2F +
||Σi − Σi (k)||2F + ||gi − gi (k)||2F +
)


||Γi − Γi (k)||2F + trace Yi (k)T Ω

n
o


Σ
Ω = Diag diag vec(Λi ) , diag vec(Γi ) , Σi −
I2n .
n

(iii) Add/Update the following mismatch variable:
o
Xn
∀ i ∈ N : Ei (k + 1) =
Si (k) − Sj (k) . (39)
j∈Ni

(iv) Each node i ∈ N updates the dual variable Yi (k):
minimize
Yi

g(Yi )
(40)

subject to Yi  0


1
g(.) =βtrace Yi (k)T Ei (k + 1) +
||Yi − Yi (k)||2F
2κ
i


− trace YiT Ψ
(
 n
o
Ψ = Diag diag vec 2Λi (k + 1) − Λi (k) ,
 n
o
diag vec 2Γi (k + 1) − Γi (k) ,
)
Σ
2Σi (k + 1) − Σi (k) −
I2n .
n

(v) Update the sum variable Si (k):
∀ i ∈ N : Si (k + 1) = Yi (k + 1) +

k+1
X
l=0

(vi) Repeat until k = NDPDS .

Yi (l).

(41)

Theorem 9. For any stabilizable pair (A, B) ∈ Rn×n ×
Rn×m , bound γ > 0, connected graph G and positive scalars
(P , Σ ) assume problem (31) is feasible. As NDPDS → +∞
algorithm 5 converges to a controller K ∗ such that ki∗ ∈ Si ,
∗
ρ(A + BK
) < γ, A + BK ≥ 0 and L1 K ∗ ≥ L2 . Controller
 
m
∗T
∗
is given by:
K = kj

All heuristics w/ 10 zeros total

1

0.8

ρ(A+BK)

Control agent i ∈ Nc only needs to know: (a) its neighbouring
set Ni (b) the Ic (i)-th row of matrices (B, L1 ) and (c) entire
matrices (A, L2 ). Non control nodes only need information
regarding Ni since their single purpose is to update and
exchange dual information i.e., variables Yi (k) and Si (k). The
next theorem summarizes the convergence results of DPDS:
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0
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Logarithmic total time[s]

j=1

∀ i ∈ Nc , j ∈ {1, . . . , m} :
Ic (i) = j ⇒ kj∗ T = gi (NDPDS )T

nX

(42)
o−1
Qi (NDPDS )
.

i∈Nc

V. N UMERICAL R ESULTS
A. Centralized Computation of Decentralized Controllers
This section is devoted to the numerical comparison of the
heuristics for centralized sparse stabilization. The experimental
setup is fairly simple:
• For n = 10 and m = 3 we randomly generate N = 30
pairs (A, B) and define L as total number of zero entries
for a controller K ∈ KI . Given L, we generate N random
sparsity sets each with a total of L zero constraints. For
each generation we run all six heuristics: the incremental
inverse algorithm is deployed for a fixed bound γ = 1, in
a bisection setup starting from γ and under a reduction
strategy. We also consider the decentralized convex concave procedure and the two variants of the incremental
PK approach.
In figure 1 we have considered the previous experiment
for L = 10 respectively, and under a standard Gaussian
Generation for the pair (A, B). Each circle represents an
experiment, identified by the colour legend underneath each
plot. We have decided to only plot successful trials, i.e.,
experiments for which we could produce a decentralized
stabilizing controller. The colour legend also informs the
reader about the number of successful experiments, for each
heuristic, and some statistics regarding the original open loop
systems.
In table I we present a comparison of heuristics for L = 10
and L = 15. The equivalent of figure 1, for L = 15, is not
presented due to lack of space. Table I compares all heuristics
in terms of (a) mean spectral radius of stable experiments (b)
mean computational time and (c) percentage of successful
experiments. The two values, for each entry of table I,
correspond to the information regarding the experiments with
L = 10, 15 respectively. For low sparsity counts, L = 10 the
bisection incremental inverse method was able to stabilize
all 30 systems while exhibiting the better overall spectral

Fig. 1: Standard Gaussian Generation and L = 10.
results, as seen in figure 1 and table I. The drawback is that
this method is 20-30 times slower than any other reduction
mode heuristic, hence there is a clear compromise. If we
only want to impose closed loop stability, the same method
with a constant bound γ = 1 is a fast alternative that has the
drawback of providing a spectral radius close to unit. For high
sparsity levels, L = 15 the bisection incremental inverse was
able to achieve the largest stability percentage (77%) but the
boosted incremental PK algorithm is a suitable alternative that,
although with only 40 % of stabilizations, was able to achieve
considerable better spectral results while being 40 times faster.
In terms of all reduction mode algorithms, we elect the
second and last methods of table I as computational efficient
alternatives for the bisection approach: although they
decrease, 7-37 % the stability percentages they present the
better spectral results, among all reduction mode approaches,
while exhibiting a low computational cost. In figure 1, note
the low horizontal spread of reduction mode methods while
compared with the bisection incremental inverse heuristic.
B. Optimal Sparsity Patterns
The goal of this section is to provide a numerical comparison of all previous oracles in terms of computational time and
resulting spectral radius. Heuristic 2 is selected as algorithm
A. Consider the following experimental setup:
• Given a budget vector Φ we generate 100 stabilizable
pairs (A, B) with n = 10, m = 3 under a standard Gaussian distribution. For each generation, the two oracles of
section III-B are executed, generating two corresponding
feasible sparsity sets. In the incremental inverse iterative
oracle, each call to the incremental inverse heuristic

Heuristic
Incremental PK
Boosted Incremental PK
Incr. Inverse fixed mode w/ γ = 1
Incr. Inverse bisection w/ γ = 1
Incr. Inverse reduction
Decentralized convex concave

Mean ρ(A + BK)
0.64 → 0.76
0.55 → 0.68
0.99 → 0.99
0.40 → 0.78
0.65 → —0.69 → 0.86

Mean Comput. Time [min]
1.03 → 0.67
1.36 → 0.82
0.23 → 1.58
28.9 → 33.2
0.92 → 0.39
1.40 → 1.12

% Stable Exp.
87 → 43
93 → 40
100 → 73
100 → 77
53 → 00
97 → 43

TABLE I: Comparison of heuristics: Standard Gaussian Generation.

runs for a maximum of Noracle = 20 iterations. As an
baseline, we also consider a purely randomized approach:
given a budget vector Φ we randomly generate a feasible
assignment of measurements to control components. For
each oracle we infer on the optimality of the previously
generated sparsity sets, by executing algorithm A.
Figure 2 and table II present some results when one considers
a control budget of [8, 6, 3]T . In table II, tO denotes the
amount of time associated with each oracle and tT is the
total time needed to generate the underlying decentralized
controller: oracle time + time of algorithm A. The abscissa
in figure 2 corresponds to tT . The intuition of section III-B2
All heuristics w/ Φ=[8,6,3]T

1
0.9
0.8

ρ(A+BK)

0.7
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Total time[s]

Fig. 2: Standard Gaussian Generation with budget = [8, 6, 3]T .
is experimentally verified: the oracle that uses incremental
information tends to outperform the non incremental
i
approaches. Note the stabilization percentages of OII
. Oracle
i
OII is approximately 120 times slower then any other method.

maximum number of iterations for each incremental inverse
i
call. By re-executing oracle OII
for the same budget Φ and
pairs (A, B), the stability percentages improved from 73% to
i
84% while oracle OII
, with Noracle = 3, is approximately
seven times faster then with Noracle = 20. Although a
reduction of Noracle is beneficial, the decrease should not be
too drastic. For Noracle = 1, the computational time gained
(≈ 8s) is not worth it since stability margins dropped 18%.
C. Decentralized Computation of Decentralized Controllers
In this section we provide numerical confirmation of the
convergence properties, stated in theorem 9. To this end,
consider the following experimental setup:
• Given some pair (n, m) we sample state space matrices
(A, B) from an uniform distribution in the interval [a, b].
The m control nodes and graph G are also chosen at
random. We are imposing a non-positive control law,
i.e., (L1 , L2 ) = (−Im , 0m×n ). Let Kc denote a sparse
centralized controller computed from theorem 8 setting
γ = 1. For the same bound, algorithm 4 is deployed
for (NDPDS , Nc ) iterations, imposing Σ = 10−7 and
P = 1. We have selected W as the fastest Laplacian
weight consensus matrix [15] (section 4.2, equation 23).
Figure 3 display some results where Kd denotes the final
controller produced by DPDSC. For this experiment, note
that the pair (A, B) is entry wise non-positive, hence the
controller is enforcing positiveness in the closed loop system.
In table III we compare the centralized and decentralized
approaches for the generations of figure 3. The computational
time associated with the decentralized method is given by
the sum of two terms: the time of DPDS plus the time of n
consensus rounds, respectively.
Controller
ρ(An+ BK) o
min A + BK
(i,j)n
i,j
o
min L1 K − L2
(i,j)

Again we find numerical evidences similar to that of
section V-A: the slowest method provides better numerical
results. The iterative method also provides slightly better mean
spectral results, as observed in the point clouds of figure 2 and
the first column of table II. The previous conclusions indicate
i
that oracle OII
provides better numerical results while being
considerable slower. The time performance of algorithm 3
can be easily improved: simply lower Noracle which is the

Kc
0.7993

Kd
0.5450

0.0255

5.12011 × 10−4

0

0

i,j

Computational Time [min]

0.3930
60

91.84 +

0.0058
60

TABLE III: Centralized vs Decentralized controller Synthesizes: data of figure 3.
Regarding the consensus plot of figure 3 we have chosen the
third diagonal entry of matrix (35) to display the convergence
properties, i.e., legend Q3,3 corresponds to the (3, 3) entry of

Mean ρ(A + BK)
0.82
0.79
0.83

Heuristic
II static oracle
II iterative oracle
Random oracle

Mean tO [s]
1.24
152.10
10−8

Mean tT [s]
72.88
231.23
74.51

% Stable Exp.
59
73
56

TABLE II: Comparison of Oracles: Standard Gaussian Generation with budget = [8, 6, 3]T .

x1 , u1

x2 , u2

guarantee. Our experiments motivate further investigation of
DPDSC for general closed loop system.

ρ(A + BKd )
ρ(A + BKc )
γ

1.4
1.2
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Fig. 3: Achieved results with (NDPDS , Nc , n, m, a, b) =
(600, 20, 4, 3, −0.5, 0) and a random connected graph G.

(35). Note that DPDSC was able to compute a much stable
controller, comparing with the centralized version. There is no
contradiction since we simply require a stabilizing controller,
i.e., the bound γ was set to one. An interesting observation:
DPDS will guarantee closed loop stability long before ensuring positiveness.
VI. C ONCLUSION
Section II presented several methods for controller synthesizes, given a pre-defined sparsity pattern. We assessed
their performance through extensive numerical experiments.
The decentralized convex concave method and the boosted
incremental-PK approach were elected as the most suitable
algorithms, achieving acceptable stabilization margins while
being computational fast. In section III, our main insight was
to use perturbation theory arguments to develop sparsity design
strategies. Both our oracles were shown to be effective, since
they outperformed the randomized design option. Section IV
approaches an even more difficult problem: the decentralized
computation of sparse stabilizing controllers. Having rigorously defined our understanding of the problem, we presented
a truly decentralized design strategy, for the particular instance
of closed loop positive systems. Although the positiveness
assumption can be restrictive, DPDSC is based on necessary
and sufficient conditions; hence, it is highly attractive for
realistic applications that demand some kind of performance
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